
Theorem: Suppose fn → f uniformly, with fn continuous for all n. Then fn(x)→ f(x0) as x→ x0.

Proof. Let ε > 0.

∃N : n > N =⇒ sup
x
|fn(x)− f(x)| < ε

2 Def. Uniform convergence1○

∃δ : ‖x− x0‖ < δ =⇒ |f(x)− f(x0)| < ε
2 f is continuous2○

Therefore, for n > N and any x ∈ Nδ(x0), we have

|fn(x)− f(x0)| = |fn(x)− f(x) + f(x)− f(x0)|
≤ |fn(x)− f(x)|+ |f(x)− f(x0)| Triangle inequality

< sup
x
|fn(x)− f(x)|+ ε

2 2○

< ε 1○
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